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Abstract

We construct infinite families of Cayley graphs of the Weyl group of type B, where
the generating set is a non-negative symmetric linear combination of diagonal flips
with odd cardinality and transpositions. We show that, for these graphs, the random
walk and the interchange process have different spectral gaps. This construction
contradicts a conjecture of Cesi, which is a generalisation of Aldous’ spectral gap
conjecture.

Keywords: Spectral gap, Weyl group, irreducible representation, interchange pro-
cess, Aldous’ conjecture.
Mathematics Subject Classification: 05C25, 05C50, 20C15, 20C30, 60K35

1 Introduction
The second largest eigenvalue of graphs has attracted considerable attention over
the past three decades or more [4, 5, 13, 16, 24]. One of the most noteworthy
results in this area is Aldous’ spectral gap conjecture posed by D. Aldous [1] in
1992. It compares two continuous–time Markov chains on a finite connected graph
G: the vertex random walk (RW) and the edge–driven interchange process (IP). If
LRW and LIP denote their generators and throughout we always list eigenvalues as
0 “ µ1 ă µ2 ď µ3 ď ¨ ¨ ¨ , then the conjecture (now a theorem) states

gappLIPq “ µ2pLIPq “ µ2pLRWq “ gappLRWq. (1.1)

Thus, the two chains, despite living on different state spaces, have the same expo-
nential rate of convergence to equilibrium.
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Besides the probabilistic interpretation (1.1), Aldous’ conjecture can also be
examined through the lens of algebraic graph theory, and it becomes evident that
it revolves around the algebraic connectivity of Cayley graphs on Sn.

Let T Ă Sn be a generating set of transpositions. Write TrapT q for the trans-
position graph on rns with edge ti, ju if and only if pijq P T , and CaypSn, T q for
the Cayley graph of Sn with set of generators T . For a (regular) graph Γ let ApΓq

be its adjacency matrix and LpΓq its Laplacian, for d–regular Γ, LpΓq “ dI ´ApΓq.
We can now express Aldous’ spectral gap conjecture in an alternative equivalent
form

µ2pLpCaypSn, T qqq “ µ2pLpTrapT qqq. (1.2)

The representation theory of symmetric groups provides key insights into the
essence of Aldous’s spectral gap conjecture from an algebraic perspective in graph
theory.

Let Tpn´1,1q denote the standard irreducible representation of Sn. Ordering
adjacency eigenvalues in nonincreasing order λ1pAq ě λ2pAq ě ¨ ¨ ¨ , one has

λ2

`

ApCaypSn, T qq
˘

“ λ1

`

Tpn´1,1qpT q
˘

. (1.3)

that is, the second largest eigenvalue of CaypSn, T q is achieved by the standard
representation of Sn.

After several attempts of special cases [6, 11, 15, 17], Aldous’ conjecture was
confirmed by Caputo, Liggett, and Richthammer [8] in 2010. Beyond Cayley graphs
generated by transpositions, several exceptional families remain of active inter-
est. This raises two basic problems: One is to determine, or at least to be sharply
bound, the spectral gap; one is to decide whether an Aldous–type conjecture for the
gap persists. Illustrative examples include hypergraph analogues [2], initial reversal
graphs [10], Cayley graphs of substring–reversal graphs [14], generalised pancake
graphs [18], the (extended/complete) alternating group graphs [20], Cayley graphs
generated by cycles [21], Cayley graphs built from normal subsets [25].

One important generalisation is Cesi’s work [12], he used a map ϑ together with
the octopus inequality [8, 9] to show a family generating set of the signed symmetric
group Bn (See more details in Section 3) that satisfies the Aldous-type conjecture.
Let rns :“ t1, . . . , nu and, for i P rns, let stiu P Bn denote the coordinate sign–flip
at i:

stiu :“ diag
`

1, . . . , 1, ´1
loomoon

i-th entry

, 1, . . . , 1
˘

.
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Theorem 1.1 ([12, Thm. 1.2]). Let ai, bij P Rě0 and

w “

n
ÿ

i“1

ai stiu `
ÿ

1ďiăjďn

bij pijq, . (1.4)

Then the second largest adjacency eigenvalue of CaypBn, wq is achieved by the
representation Pn of Bn.

In the final section of his work, Cesi [12] wants to generalise the construc-
tion (1.4) to a more general picture. For instance, define
Y `
n :“ tA Ď rns : |A| ” 0 pmod 2qu, Y ´

n :“ tA Ď rns : |A| ” 1 pmod 2qu.

For coefficients aA, bij P Rě0 set w˘
N :“

ř

APY ˘
n
aAsA,, and wT :“

ř

pijqPTn
bijpijq,

where sA P Bn denotes the diagonal sign–flip with entries ´1 on A and `1 on Ac.
He also showed that, for such w :“ w`

N ` w´
N ` wT , the Aldous-type property does

not always hold. Hence, he made the following conjecture.
Conjecture 1 ([12, Conj. 5.2]). Let

w “ w´
N ` wT :“

ÿ

AĂrns

|A|odd

aA sA `
ÿ

1ďiăjďn

bij pijq, aA, bij P Rě0. (1.5)

Then the Aldous-type identity (1.1) holds.
This question also appears in the survey of Liu and Zhou [23], listed as Prob-

lem 33 among the 51 problems collected in the concluding section titled Open
problems.

In this paper, we disprove Cesi’s conjecture 1 by exhibiting families of Cayley
graphs (Theorem 5.1) which contradict the identity predicted by the conjecture.
Remark 1.2 (Related work). After the completion of this manuscript, we became
aware of the independent preprint of Alon and Ghosh [3], arXiv:2510.04244. They
study the spectral gap for random walks on Bn generated by transpositions to-
gether with arbitrary diagonal sign–flips sA, and give a representation–theoretic
description of the irreducibles from which the spectral gap may arise and they also
show that Cesi’s Conjecture 1 is false.

Our approaches are different, and our results are complementary in that we
exhibit a particularly sparse and explicit family of counterexamples (one odd flip
together with all transpositions) and compute the relevant eigenvalues in closed
form, yielding a transparent strict inequality between the Cayley graph spectral
gap and the 2n–dimensional Pn–block predicted by the conjecture.
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2 Representations of finite groups
2.1 Left regular representations
Let G be a finite group and let w “

ř

gPGwg g P CG be symmetric and nonnegative,
i.e. wg´1 “ wg ě 0. Denote by CaypG,wq the (weighted) Cayley graph with vertex
set G and undirected edge tg, hgu carrying weight wh. The Laplacian of CaypG,wq

acts on functions f : G Ñ C by

LpCaypG,wqqfpgq “
ÿ

hPG

wh

`

fpgq ´ fphgq
˘

. (2.1)

Since CaypG,wq is regular, one also has

LpCaypG,wqq “

´

ÿ

gPG

wg

¯

IN ´ ApCaypG,wqq,

where N “ |G| and ApCaypG,wqq is the weighted adjacency matrix. The least
eigenvalue is 0 with a constant eigenvector. We define the spectral gap of the
Cayley graph by

gappCaypG,wqq :“ µ2 pLpCaypG,wqqq .

Let L be the left–regular representation of G on CG, pLphqfqpgq “ fph´1gq.
Using the symmetry of w,

LpCaypG,wqq “
ÿ

hPG

wh

`

IN ´ Lphq
˘

. (2.2)

The formula (2.2) motivates the following representation–theoretic extension. For
a (complex) representation R : G Ñ GLpV q, set

LGpR,wq :“
ÿ

hPG

wh

`

IV ´ Rphq
˘

. (2.3)

Let t :“ dimV G,R be the multiplicity of the trivial representation in R. Enumer-
ating eigenvalues of LGpR,wq as µ1 ď ¨ ¨ ¨ ď µdimV , the spectral gap of the pair
pw,Rq is

gapGpR,wq :“ µt`1 pLGpR,wqq ,

with the convention that µt`1 “ `8 if t “ dimV . The Cayley case is the special
instance R “ L:

LpCaypG,wqq “ LGpL, wq, gappCaypG,wqq “ gapGpL, wq. (2.4)
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Although L contains all irreducibles, in many situations one can identify a small
family of representations that already determines the gap:

gapGpL, wq “ min
TPF

gapGpT, wq for a suitable finite set F Ă IrrpGq.

This replacement dramatically reduces matrix size while preserving the value of
the gap.

2.2 The spectral gap of the representation Laplacian
Let G be a finite group. Write reppGq for the class of all finite–dimensional complex
representations of G, and IrrpGq for the set of equivalence classes of irreducibles.
By Maschke’s theorem, every R P reppGq decomposes as

R –
à

TPIrrpGq

multpR,TqT, (2.5)

where multpR,Tq P Zě0 is the multiplicity of T in R. If R acts on the complex
vector space V , the subspace of G–invariant vectors is

V R
G :“ t v P V : Rpgqv “ v for all g P G u.

By definition,
dimV R

G “ multpR,1q, (2.6)
where 1 denotes the one dimensional trivial representation.

Let CG be the group algebra. For w “
ř

gPGwg g P CG set

suppw :“ t g P G : wg ‰ 0 u, w˚ :“
ÿ

gPG

wg g
´1.

We call w symmetric if w “ w˚ and positive if wg ě 0 for all g P G. Put

CGpsq :“ tw P CG : w “ w˚ u, Rpsq
` :“ tw P CG : w “ w˚ and wg ě 0 @g u.

For a pair pR, wq, we write LGpR, wq for the associated (representation) Laplacian.
If w is symmetric, LGpR, wq is Hermitian and hence has real eigenvalues; if w P Rpsq

` ,
these eigenvalues are nonnegative. Enumerate them in nondecreasing order (with
multiplicity) as

µ1 pLGpR, wqq ď µ2 pLGpR, wqq ď ¨ ¨ ¨ ď µs pLGpR, wqq ,
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where s “ degR “ dimV . An eigenvalue is trivial if its eigenspace is contained in
V R
G . With the convention min∅ “ `8, define the spectral gap of the pair pR, wq

by
gapGpR, wq :“ mintµ P SpecLGpR, wq : µ is nontrivial u. (2.7)

If t :“ dimV R
G “ multpR,1q, then LGpR, wq has exactly t trivial eigenvalues

(counted with multiplicity), and therefore

gapGpR, wq “ µt`1 pLGpR, wqq . (2.8)

Minimising over representations yields the spectral gap of w:

gapGpwq :“ inf
RPreppGq

gapGpR, wq. (2.9)

From (2.5) we have

specLGpR, wq “
ď

TPIrrpGq

multpR,Tqą0

specLGpT, wq. (2.10)

whence

gapGpR, wq “ min
TPIrrpGq

multpR,Tqą0

gapGpT, wq, and gapGpwq “ min
TPIrrpGq

gapGpT, wq.

(2.11)
Let L be the left–regular representation of G. Since

L –
à

TPIrrpGq

pdegTqT and multpL,1q “ 1,

we obtain
gapGpL, wq “ µ2 pLGpL, wqq . (2.12)

Thus, the above notions recover the usual interpretation of the spectral gap of the
(weighted) Cayley graph CaypG,wq as its second smallest eigenvalue.

3 Weyl groups Bn

Let Bn denote the Weyl group of type Bn (also called the hyperoctahedral group,
or the signed symmetric group). We shall work with two equivalent realisations
and move freely between them.
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Realisations of Bn We can understand Bn in a matrix way, that is,

Bn “

!

M P GLpn,Cq :

each row and column of M has exactly one nonzero entry, equal to ˘1
)

.

Under this realisation, the symmetric group Sn is embedded as a subgroup of
positive monomial matrices (all nonzero entries `1). Let

Nn :“ tdiagpε1, . . . , εnq : εi P t˘1uu – pZ{2Zqn.

Then Nn ◁Bn and Bn “ Nn ¸ Sn, so |Bn| “ 2nn!.
Equivalently,

Bn – pZ{2Zqn ¸ Sn,

the semidirect product where Sn permutes the n sign coordinates. In particular
Bn acts faithfully on the signed set

Xn “ t´n, . . . ,´1, 1, . . . , nu,

by pη, πq ¨ k :“ sgnpkqp´1qηπp|k|qπp|k|q, and hence admits a faithful permutation
representation

Pn : Bn ãÑ S2n, ImpPnq “ tσ P S2n : σp´kq “ ´σpkq @ ku.

Here, Pn is the 2n–dimensional block that will control spectral gaps later, in fact
(see Proposition 3.1) Pn splits as the direct sum of the n–dimensional defining
representation of Bn and the pullback of the defining representation of Sn.

Irreducible representations and (bi)partitions A partition of n is a nonin-
creasing finite sequence α “ pα1, . . . , αrq of positive integers with

řr
i“1 αi “ n. The

size is |α| :“
řr

i“1 αi; we write α $ n when |α| “ n. Irreducible representations of
Sn are indexed (up to equivalence) by partitions of n. If α $ n, the corresponding
irreducible is denoted by rαs. For branching, we use the standard sets

α Ó :“ tγ : γ is obtained from α by removing one boxu,

α Ò :“ tβ : β is obtained by adding one boxu.

We also reserve the notation µ1pMq ď µ2pMq ď ¨ ¨ ¨ for the ordered eigenvalues of
a Hermitian matrix M , and write gapp¨q for spectral gaps when they appear later.
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Follow Cesi’s notation [12], we view Bn as the set of pairs pη, πq with η P t0, 1un

and π P Sn, equipped with the product

pη, πq ¨ pζ, σq :“
`

η ` ζ ˝ π´1 pmod 2q, πσ
˘

, (3.1)

where the sum on t0, 1un is componentwise modulo 2 and pζ ˝ π´1qi :“ ζπ´1piq. Set

Nn :“ tpη, idq : η P t0, 1unu – pZ{2Zqn, Sn :“ tp0, πq : π P Snu – Sn.

Then Nn◁Bn and Bn “ Nn¸Sn. We shall freely identify Sn with Sn via π ÞÑ p0, πq.
As a natural generalisation, irreducible representations of Bn are parametrised

by bipartitions pα, βq with |α|`|β| “ n. We denote the corresponding irreducible
representations by rα, βs. Fix k :“ |α| and n ´ k :“ |β|. Let

Bn,k :“ Nn ¸ pSk ˆ Sn´kq ď Bn,

where Sk ˆ Sn´k acts by permuting the first k and the last n ´ k coordinates.
Define the 1-dimensional character Uk of Nn by

Ukpηq :“ p´1q#t iPtk`1,...,nu: ηi“1 u, η P t0, 1un, (3.2)

and extend it trivially across Sk ˆ Sn´k. Set

Θα,β :“ Uk b rαs b rβs as a representation of Bn,k.

Then
rα, βs – IndBn

Bn,k
Θα,β, (3.3)

and every irrep of Bn arises uniquely in this way (up to equivalence). In particular,
the trivial representation corresponds to rpnq,∅s, and the determinant character of
Bn corresponds to r∅, p1nqs.

Branching rule For the symmetric group the classical branching reads

rαs ÓSn´1
–

à

γPαÓ

rγs, rγs ÒSn –
à

βPγÒ

rβs. (3.4)

The analogue for Bn is obtained by removing one box either from the first or from
the second component:

rα, βs ÓBn´1
–

˜

à

γPαÓ

rγ, βs

¸

‘

˜

à

δPβÓ

rα, δs

¸

. (3.5)
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Defining representations Let D˝
n denote the defining n-dimensional represen-

tation of Sn, realised by permutation matrices:

pD˝
npπqqij “ δi,πpjq, π P Sn. (3.6)

As is well known,
D˝

n – rns ‘ rn ´ 1, 1s. (3.7)
For Bn we take the faithful defining representation Dn on Cn, given on the

standard basis pe1, . . . , enq by

Dnpη, πq ej “ p´1qηπpjq eπpjq, pη, πq P Bn. (3.8)

Equivalently, the matrix entries are pDnpη, πqqij “ p´1qηi δi,πpjq. The image of Bn

under Dn is the group of signed permutation matrices, its restriction to Sn recovers
(3.6). Moreover,

Dn – r pn ´ 1q, p1q s, (3.9)
hence Dn is irreducible of degree n.

Since Bn{Nn – Sn, any representation R of Sn pulls back to a representation
rR of Bn by

rRpη, πq :“ Rpπq, pη, πq P Bn. (3.10)
In particular, the pullback of D˝

n will be denoted rD˝
n; its matrix entries are the

same as in (3.6). From (3.7) we obtain

rD˝
n – rpnq,∅ s ‘ rpn ´ 1, 1q,∅s. (3.11)

Set Vn :“ CXn with basis tex : x P Xnu and define the associated permutation
representation Pn by

Pnpη, πqex :“ epη,πq¨x.

Equivalently, the matrix elements are
`

Pnpη, πq
˘

xy
“ 1 tx “ pη, πq ¨ yu .

The representation Pn is faithful and has degree 2n. The following decomposition
will be used later.

Proposition 3.1 ([12, Prop. 3.1]). We have a Bn–equivariant decomposition

Pn – Dn ‘ ĂD˝
n – rpn ´ 1q, p1qs ‘ rpnq,∅s ‘ rpn ´ 1, 1q,∅s. (3.12)
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Corollary 3.2 ([12, Equation 2.7+Proposition 3.1]). Let w P CBn be symmetric
and nonnegative. Then

gapBn
pPn, wq “ min

!

gapBn
pDn, wq, gapBn

prD˝
n, wq

)

. (3.13)

In particular,

gapBn
pPn, wq “ min

!

µ1

`

LBn
pDn, wq

˘

, µ1

`

LBn
prpn ´ 1, 1q,∅s, wq

˘

)

. (3.14)

4 Cesi’s conjecture
Theorem 4.1. Let n “ 4 and t ą 0. For

wt :“ t st1,2,3u `
ÿ

1ďiăjď4

pijq P CB4.

Then
gapB4

pwtq ă gapB4
pP4, wtq.

4.1 Value of gapB4
pP4, wtq

Lemma 4.2. Write wt “ w´
N ` wT with

w´
N :“ t st1,2,3u, wT :“

ÿ

1ďiăjď4

pijq.

Then

LB4
prD˝

4, w
´
Nq “ 0, (4.1)

LB4
pD4, w

´
Nq “ 2 diagpt, t, t, 0q, (4.2)

LB4
prD˝

4, wT q “ LB4
pD4, wT q. (4.3)

Proof. By definition, LB4
pR, wq “

ř

hPB4
wh pI´Rphqq. For the two 4–dimensional

models,
rD4pη, πqsij “ p´1qηiδi,πpjq, rrD˝

4pη, πqsij “ δi,πpjq.

Hence, for a diagonal sign sA “ pηA, idq, we have

rD˝
4psAq “ I4 and D4psAq “ diagpxiq, xi “

#

´1, i P A,

`1, i R A.
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This gives (4.1) and (4.2).
For (4.3), if pijq P S4 Ă B4 then D4ppijqq “ rD˝

4ppijqq (the same permutation
matrix), and linearity of L yields the claim.

rD˝
4–block By (4.1), LB4

prD˝
4, wtq “ LB4

prD˝
4, wT q. Now wT “

ř

iăjpijq acts, in the
defining S4–representation, as the Laplacian of the complete graph K4, hence

gapB4
prD˝

4, wtq “ µ2

`

LpK4q
˘

“ 4

as LpKnq “ nI ´ J has spectrum t0, nu.

D4–block By (4.2)–(4.3),

LB4
pD4, wtq “ LpK4q ` 2 diagpt, t, t, 0q.

Thus LB4
pD4, wtq equals the symmetric matrix

Mptq “

¨

˚

˚

˝

3 ` 2t ´1 ´1 ´1
´1 3 ` 2t ´1 ´1
´1 ´1 3 ` 2t ´1
´1 ´1 ´1 3

˛

‹

‹

‚

,

whose spectrum is

SpecMptq “ t 4 ` 2t, 4 ` 2t, t ` 2 ˘
a

pt ´ 1q2 ` 3 u.

Hence
gapB4

pD4, wtq “ µminpMptqq “ t ` 2 ´
a

pt ´ 1q2 ` 3.

Since µminpMptqq ă 4 for all t ą 0, the smaller block determines the gap of P4:

gapB4
pP4, wtq “ t ` 2 ´

a

pt ´ 1q2 ` 3. (4.4)

4.2 An upper bound for gapB4
pwtq

By Equation (2.11), it is quite natural to choose one of the irreducible representa-
tions, which must provide an upper bound for gapB4

pwtq.
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Realisation of rp2q, p2qs We realise the irreducible rp2q, p2qs as the induced mod-
ule

rp2q, p2qs – IndB4

H pU2q, H :“ N4 ¨ pS2 ˆ S2q,

where U2 is the one–dimensional character of N4 – pZ{2Zq4, extended trivially to
S2 ˆ S2. Since |B4 : H| “ 384{64 “ 6, the induced space has dimension 6.

Choose representatives tS “ p0, πSq with πS P S4 such that πSpt1, 2uq “ S,
where S is a 2–subsets of r4s. Via

Φ : B4{H ÝÑ

ˆ

r4s

2

˙

, pη, πqH ÞÝÑ πpt1, 2uq,

the natural basis t1tSHu is indexed by 2–subsets S Ă r4s. Write eS :“ 1tSH and fix

B “

!

t1, 2u, t1, 3u, t2, 3u, t1, 4u, t2, 4u, t3, 4u

)

.

The action is explicitly given by1

Rpp0, σqq eS “ eσpSq, RpsAq eS “ p´1q |AXSc| eS psA P N4q. (4.5)

The first action of (4.5) comes from that, for any g, t P B4 one has
`

Rpgq 1tH
˘

pxq “ 1tHpg´1xq,

so the support of Rpgq 1tH is the left coset gtH, hence Rpgq1tH “ 1gtH . Taking
g “ p0, σq and tS “ p0, πSq yields

R
`

p0, σq
˘

eS “ R
`

p0, σq
˘

1tSH “ 1p0,σqtSH “ 1p0,σπSqH “ 1tσpSqH “ eσpSq,

because pσπSqpt1, 2uq “ σpSq.
In the left–coset model of R “ IndB4

H pU2q with the standard normalisation
1tHpthq “ U2phq for h P H, one has

Rphq 1tH “ U2pt
´1htq 1tH ph P Hq.

Specialising to h “ sA “ pηA, idq and t “ tS “ p0, πSq with πSpt1, 2uq “ S, we get
t´1
S sAtS “ sπ´1

S pAq and, since U2psBq “ p´1q|BXt3,4u|, it follows that

RpsAqeS “ p´1q|π´1
S pAqXt3,4u|eS “ p´1q|AXSc|eS,

which is precisely the second identity in (4.5).
1The following notation Sc means the complement of S.
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Transposition part Among the six transpositions pijq, exactly two fix S (the
one exchanging the elements of S and the one exchanging the elements of Sc; the
remaining four send S to the four neighbours of S in the Johnson graph Jp4, 2q.
Hence,

ÿ

1ďiăjď4

Rppijqq “ 2I ` A pJp4, 2qq ,

and therefore

LB4
pR, wT q “

ÿ

iăj

`

I ´ Rppijqq
˘

“ 4I ´ A pJp4, 2qq . (4.6)

Using SpecApJp4, 2qq “ t4, 0,´2u with multiplicities 1, 3, 2, we obtain

SpecLB4
pR, wT q “ t0, 4, 4, 4, 6, 6u.

Odd–flip part. By (4.5), Rpst1,2,3uqeS “ p´1q|ScXt1,2,3u| eS, thus

LB4
pR, w´

Nq “ t
`

I ´ Rpst1,2,3uq
˘

“ diagp2t, 2t, 2t, 0, 0, 0q. in the basis B. (4.7)

Hence, the representation Laplacian is

LB4
pR, wtq “ LB4

pR, wT q`LB4
pR, w´

Nq “
`

4I´A pJp4, 2qq
˘

`diagp2t, 2t, 2t, 0, 0, 0q,

namely

M6ptq “

¨

˚

˚

˚

˚

˚

˚

˝

4 ` 2t ´1 ´1 ´1 ´1 0
´1 4 ` 2t ´1 ´1 0 ´1
´1 ´1 4 ` 2t 0 ´1 ´1
´1 ´1 0 4 ´1 ´1
´1 0 ´1 ´1 4 ´1
0 ´1 ´1 ´1 ´1 4

˛

‹

‹

‹

‹

‹

‹

‚

.

The spectrum (with algebraic multiplicities) is

SpecM6ptq “
␣

r5 ` t ˘
?
t2 ` 1s2 , 2 ` t ˘

?
t2 ` 4

(

.

and the smallest eigenvalue is

µmin

`

LB4
pR, wtq

˘

“ 2 ` t ´
?
t2 ` 4.

since 5 ` t ´
?
t2 ` 1 ą 4 for all t ą 0. Hence

gapB4
prp2q, p2qs, wtq “ 2 ` t ´

?
t2 ` 4. (4.8)
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4.3 Comparison
Combining (4.4) with (4.8) and noting that

t2 ` 4 ´
`

pt ´ 1q2 ` 3
˘

“ 2t ą 0 pt ą 0q,

we obtain
?
t2 ` 4 ą

a

pt ´ 1q2 ` 3 and hence

2 ` t ´
?
t2 ` 4 ă 2 ` t ´

a

pt ´ 1q2 ` 3.

Therefore
gapB4

pwtq ď gapB4

`

rp2q, p2qs, wt

˘

ă gapB4
pP4, wtq,

which yields the desired strict inequality.
For the Cayley graph CaypB4, wtq one has

gapB4
pwtq ă gapB4

pP4, wtq “ min
!

gapB4
pD4, wtq, gapB4

prD˝
4, wtq

)

.

Hence, the spectral gap of CaypB4, wtq is not realised by
the standard B4–representation D4 (nor by rD˝

4). That is to say, the continuous–
time random walk and the interchange process on B4 (with generator wt) have
different spectral gaps.

5 A generalisation of the above generating set
In this section, we consider a generalisation of the generating set described above,
which consists of an infinite family of Cayley graphs of the Weyl group of type B.
We demonstrate that there are always infinite counterexamples to Cesi’s conjecture
for any n.

Theorem 5.1. Let n ě 4, t ą 0, and let A Ă rns be any odd subset with |A| “ s.
For

wt,s :“ t sA `
ÿ

1ďiăjďn

pijq P CBn,

we have, for every n ´ 1 ě s ą n
2 ,

gapBn
pwt,sq ď gapBn

`

rp1q, pn´1qs, wt,s

˘

ă gapBn
pPn, wt,sq.

That is to say, for these generating sets, the spectral gap of the Cayley graph
is not realised by the 2n–dimensional permutation representation Pn.
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5.1 Value of gapBn
pPn, wt,sq

Lemma 5.2. Write wt,s “ w´
N ` wT with

w´
N :“ t sA, wT :“

ÿ

1ďiăjďn

pijq.

Then,

LBn
prD˝

n, w
´
Nq “ 0, (5.1)

LBn
pDn, w

´
Nq “ 2t diagp1Aq, (5.2)

LBn
prD˝

n, wT q “ LBn
pDn, wT q. (5.3)

Proof. By definition LBn
pR, wq “

ř

hwh pI ´ Rphqq. For the two n–dimensional
models one has

rDnpη, πqsij “ p´1qηiδi,πpjq, rrD˝
npη, πqsij “ δi,πpjq.

Hence, for a diagonal sign sA, rD˝
npsAq “ In and DnpsAq “ diagpxiq with xi “ ´1

for i P A and `1 otherwise. Therefore

LBn
prD˝

n, w
´
Nq “ t

`

I ´ rD˝
npsAq

˘

“ 0,

and
LBn

pDn, w
´
Nq “ t

`

I ´ DnpsAq
˘

“ t diagp1 ´ xiq “ 2t diagp1Aq.

For (5.3), each transposition pijq P Sn Ă Bn acts as the same permutation matrix
in both models, hence linearity of L yields the claim.

rD˝
n–block By (5.1), LBn

prD˝
n, wt,sq “ LBn

prD˝
n, wT q. Since wT acts, in the defining

Sn–representation, as the Laplacian of the complete graph Kn, we have

LBn
prD˝

n, wt,sq “ nI ´ J, Spec “ t0, n, . . . , nu,

hence gapBn
prD˝

n, wt,sq “ n.

15



Dn–block By (5.2)–(5.3),

LBn
pDn, wt,sq “ pnI ´ Jq ` 2t diagp1Aq.

whose spectrum is

SpecMptq “ t rnsn´s´1, rn ` 2tss´1,
n ` 2t ˘

a

pn ` 2tq2 ´ 8st

2
u.

Therefore, combining the results above, we have

gapBn
pPn, wt,sq “ gapBn

pDn, wt,sq “
n ` 2t ´

a

pn ` 2tq2 ´ 8ts

2
. (5.4)

5.2 An upper bound for gapBn
pwt,sq

By the minimisation over irreducible representations, gapBn
pwq ď gapBn

pR, wq for
every representation R. We choose the irreducible

R1 “ rp1q, pn ´ 1qs – IndBn

H pU1q, H :“ Nn ¨ pS1 ˆ Sn´1q,

where U1 is the standard 1–dimensional character of Nn » pZ{2Zqn. The induced
space has dimension n and can be indexed by i P rns.

Realisation of R1 In the left–coset representation with basis peiq
n
i“1,

R1pp0, σqq ei “ eσpiq, R1psAq ei “ p´1q |Aztiu|ei “

#

`ei, i P A,

´ei, i R A,
(5.5)

since |A| is odd.

Transposition part As in the defining Sn–representation,
ř

iăjpijq acts by

LBn
pR1, wT q “ nI ´ J

(the Laplacian of Kn), exactly as in Dn.
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Odd–flip part From (5.5),

LBn
pR1, w

´
Nq “ t

`

I ´ R1psAq
˘

“ 2t diagp1Acq.

Hence
LBn

pR1, wt,sq “ pnI ´ Jq ` 2t diagp1Acq.

whose spectrum is

SpecMcptq “
␣

rns s´1, rn ` 2tsn´s´1,
n ` 2t ˘

a

pn ` 2tq2 ´ 8tpn ´ sq

2

(

,

Therefore

gapBn

`

R1, wt,s

˘

“
n ` 2t ´

a

pn ` 2tq2 ´ 8tpn ´ sq

2
. (5.6)

5.3 Comparison

Consider ϕpcq :“
n ` 2t ´

a

pn ` 2tq2 ´ 4c

2
on p0,8q. Then

ϕ1pcq “
1

a

pn ` 2tq2 ´ 4c
ą 0,

so ϕ is strictly increasing. Equations (5.4)–(5.6) read

gapBn
pPn, wt,sq “ ϕ

`

2ts
˘

, gapBn
pR1, wt,sq “ ϕ

`

2tpn ´ sq
˘

.

If s ą n
2 , then 2tpn ´ sq ă 2ts. Hence,

gapBn

`

R1, wt,s

˘

ă gapBn
pPn, wt,sq.

Finally, by the general minimisation identity over irreducible representations,

gapBn
pwt,sq ď gapBn

`

R1, wt,s

˘

ă gapBn
pPn, wt,sq,

which yields Theorem 5.1.
Remark 5.3. If t “ 0 then supppwt,sq generates only Sn and CaypBn, wt,sq is dis-
connected, hence gapBn

pwt,sq “ 0.
If t ą 0 with |A| odd with 1 ď |A| ď n´1, the group generated by tpijqu1ďiăjďnY

tsAu equals Bn, so the Cayley graph is connected and all gaps above are strictly
positive.

If |A| “ n (necessarily n odd), then sA “ ´I is central and xtpijqu, sAy –

Sn ˆ x´Iy Ĺ Bn. Thus CaypBn, wt,sq is disconnected and gapBn
pwt,sq “ 0.
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Based on the discussion above, we propose two conjectures.
Conjecture 2. Let n ě 4, t ą 0, and A Ă rns be an odd subset with s :“ |A|

satisfying n ´ 1 ě s ą n
2 . Set

wt,s :“ t sA `
ÿ

1ďiăjďn

pijq P CBn.

Let R1 “ rp1q, pn ´ 1qs be the n–dimensional irreducible representation. Then the
spectral gap of the Cayley graph CaypBn, wt,sq is realised by R1, i.e.

gapBn
pwt,sq “ gapBn

pR1, wt,sq.

Equivalently, one has the explicit formula

gapBn
pwt,sq “

n ` 2t ´
a

pn ` 2tq2 ´ 8tpn ´ sq

2
.

Conjecture 3. Let n ě 4, t ą 0, and let A Ă rns be an odd subset with 1 ď s :“
|A| ď n ´ 1. Set

wt,s :“ t sA `
ÿ

1ďiăjďn

pijq P CBn.

Define

ϕn,tpcq :“
n ` 2t ´

a

pn ` 2tq2 ´ 4c

2
, 0 ď c ď

pn ` 2tq2

4
.

Then the spectral gap of CaypBn, wt,sq is given by

gapBn
pwt,sq “ min

␣

gapBn
pPn, wt,sq, gapBn

pR1, wt,sq
(

“ ϕn,t

`

2t mints, n ´ su
˘

.

Equivalently,

gapBn
pwt,sq “ min

$

’

’

&

’

’

%

n ` 2t ´
a

pn ` 2tq2 ´ 8ts

2
,

n ` 2t ´
a

pn ` 2tq2 ´ 8tpn ´ sq

2

,

/

/

.

/

/

-

.

In particular, if s ą n
2 then the gap is realised by R1 “ rp1q, pn ´ 1qs, whereas if

s ă n
2 it is realised by the Pn–block (equivalently by Dn “ rpn ´ 1q, p1qs).

Acknowledgements. We thank Yifeng Zhang for his help in understanding some
basics of the representation theory of Coxeter groups.
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