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Abstract

We construct a positive weight system on the reflections of the Coxeter group B3

for which the spectral gap of the corresponding weighted group-algebra Laplacian is
attained in a three-dimensional irreducible representation of generalised Coxeter num-
ber 8, although the Coxeter number of B3 is 6. In particular, the spectral gap is not
always attained in an irreducible representation of generalised Coxeter number equal
to the Coxeter number. This gives a negative answer to the first part of Question 9.3
of Chapuy and Douvropoulos.

Keywords: complex reflection groups; weighted group-algebra Laplacians; spectral
gap; generalised Coxeter number.
Mathematics Subject Classification: 20F55; 20C15; 05C81.

1 Introduction

Let W be a finite complex reflection group with reflection set R, and let w : R Ñ

Rą0 be a positive weight system satisfying wpτq “ wpτ´1q for all τ P R. Following
Chapuy and Douvropoulos [6, Definition 3.12], we define the associated group-
algebra Laplacian by

LW pwq :“
ÿ

τPR
wpτq p1 ´ τq P CrW s. (1.1)
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These operators appear naturally in the weighted reflection-factorisation formu-
las and matrix-tree theorems of Chapuy and Douvropoulos [6]. Acting in the
left-regular representation, LW pwq is the unnormalised Laplacian of the weighted
Cayley graph of W with generating set R. Its smallest positive eigenvalue is the
spectral gap, and the resulting problem is to determine which irreducible represen-
tations can realise it.

For W “ Sn, the situation is much more rigid. The theorem of Caputo, Liggett
and Richthammer [2], which proves Aldous’ spectral gap conjecture, implies that,
for arbitrary positive weights on transpositions, the spectral gap is realised in the
standard representation. In the present group-algebra language, this reformulation
is explained in [4, Section 3]; see also [5] for related remarks. Related Aldous-type
results and variants may be found in [1, 3, 8, 9, 10].

For a general well-generated irreducible complex reflection group, the unweighted
element

LW :“
ÿ

τPR
p1 ´ τq

acts on each irreducible representation by the corresponding generalised Coxeter
number in the sense of Gordon and Griffeth [7, §1.3]. In particular, the usual
Coxeter number h is the smallest positive generalised Coxeter number occurring
among non-trivial irreducible representations [6, Proposition 3.13, Definition 3.14
and §9.3].

This suggests the following analogue of Aldous’ problem: for an arbitrary pos-
itive weight system on the reflections of W , must the spectral gap of LW pwq be
attained in an irreducible representation of generalised Coxeter number h? This is
exactly the first part of Question 9.3 of Chapuy and Douvropoulos [6]. The dihedral
example discussed in [6, §9.3] does not settle the present question, because there
the competing irreducible representation still has generalised Coxeter number h.

The purpose of this note is to show that the answer is negative by giving a
rank-three counterexample.

Theorem 1.1. There exists a positive weight system w on the reflections of B3

such that
λgap

`

LB3
pwq

˘

“ 17 ´
?
33,

and this eigenvalue is attained in a three-dimensional irreducible representation of
generalised Coxeter number 8. In particular, the spectral gap is not attained in any
irreducible representation of generalised Coxeter number 6.
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The paper is organised as follows. In Section 2 we recall the necessary definitions
and fix explicit models for the irreducible representations of B3. In Section 3
we introduce the weight system, compute the representation Laplacians in every
irreducible block, and prove Theorem 1.1.

2 Preliminaries

2.1 Weighted group-algebra Laplacians and spectral gaps

Let LW pwq P CrW s be the group-algebra Laplacian defined in (1.1). For a finite-
dimensional representation ρ : W Ñ GLpUq, we define

Lρpwq :“ ρ
`

LW pwq
˘

“
ÿ

τPR
wpτq

`

IU ´ ρpτq
˘

P EndpUq. (2.1)

We call Lρpwq the corresponding representation Laplacian.
Since W is finite, ρ may be realised unitarily. With this choice,

Lρpwq
˚

“
ÿ

τPR
wpτq

`

IU´ρpτq
˚
˘

“
ÿ

τPR
wpτq

`

IU´ρpτ´1
q
˘

“
ÿ

τPR
wpτ´1

q
`

IU´ρpτq
˘

“ Lρpwq,

so Lρpwq is Hermitian, and in particular has real eigenvalues. Moreover, for every
v P U ,

xv, Lρpwqvy “
ÿ

τPR
wpτq

`

}v}
2

´ xv, ρpτqvy
˘

“
1

2

ÿ

τPR
wpτq

´

2}v}
2

´ xv, ρpτqvy ´ xv, ρpτ´1
qvy

¯

“
1

2

ÿ

τPR
wpτq }v ´ ρpτqv}

2
ě 0,

and therefore Lρpwq is positive semidefinite.
Let λ : W Ñ GLpCrW sq denote the left-regular representation. We define the

spectral gap of LW pwq, denoted λgappLW pwqq, to be the smallest positive eigenvalue
of Lλpwq.

Lemma 2.1. Let xW be a complete set of representatives of the irreducible complex
representations of W . Then, with multiplicities, the spectrum of Lλpwq is the union
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of the spectra of the operators Lρpwq, where the spectrum of Lρpwq is repeated dimpρq

times for each ρ P xW . Consequently,

λgappLW pwqq “ min
ρPxW zt1u

λmin

`

Lρpwq
˘

,

where λmin denotes the smallest eigenvalue.

Proof. By Maschke’s theorem,

CrW s –
à

ρPxW

U‘ dimpρq
ρ

as a W -module. Since LW pwq acts on CrW s by left multiplication, it follows that

Lλpwq –
à

ρPxW

Lρpwq
‘ dimpρq.

This gives the spectral decomposition.
If 0 were an eigenvalue of Lρpwq for some non-trivial irreducible representation

ρ, then, since Lρpwq is positive semidefinite, there would exist 0 ‰ v P Uρ such that

0 “ xv, Lρpwqvy “
1

2

ÿ

τPR
wpτq }v ´ ρpτqv}

2.

Hence ρpτqv “ v for every τ P R. Since the reflections generate W , this makes v a
nonzeroW -fixed vector, contradicting the irreducibility of ρ unless ρ “ 1. Therefore
0 occurs only in the trivial block, and the formula for λgappLW pwqq follows.

2.2 Generalised Coxeter numbers

Assume now that W is a well-generated irreducible complex reflection group of
rank n. Consider the unweighted element

LW :“
ÿ

τPR
p1 ´ τq P CrW s. (2.2)

Since R is closed under conjugation, LW is central in CrW s. For an irreducible
character χ, write

χpRq :“
ÿ

τPR
χpτq.
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Following Gordon–Griffeth [7, §1.3] and Chapuy–Douvropoulos [6, Definition 3.14],
we define the generalised Coxeter number of χ by

cχ :“ |R| ´
χpRq

χp1q
. (2.3)

Equivalently, cχ is the scalar by which LW acts in the irreducible representation
with character χ. If ρ is irreducible, we also write cρ for this number.

If Vref denotes the reflection representation of W , then cVref
“ h, the ordinary

Coxeter number of W . Moreover, for well-generated groups, h is the smallest
positive generalised Coxeter number occurring among non-trivial irreducible rep-
resentations [6, Proposition 3.13, Definition 3.14 and §9.3].

2.3 The Coxeter group B3 and irreducible representations

We realise B3 as the group of signed permutation matrices in GL3pRq, with standard
basis e1, e2, e3. It has order 48 and nine reflections. For i “ 1, 2, 3, let si be the short
reflection sending ei ÞÑ ´ei and fixing the other basis vectors. For 1 ď i ă j ď 3,
let tij be the reflection swapping ei and ej, and let uij be the reflection sending
ei ÞÑ ´ej and ej ÞÑ ´ei, again fixing the remaining basis vector.

The four linear characters are 1, sgn, δ, and det :“ sgnδ. Here sgn is the sign of
the underlying permutation, so sgnpsiq “ 1 and sgnptijq “ sgnpuijq “ ´1, while δ is
the sign-change character, so δpsiq “ ´1 and δptijq “ δpuijq “ 1. Thus detpτq “ ´1
for every reflection τ P R.

Let V be the standard three-dimensional reflection representation of B3. For
each linear character χ, the twist V b χ is irreducible; in particular, we set U :“
V b δ. Let π : B3 Ñ S3 be the quotient obtained by forgetting signs, and let E
be the pullback along π of the standard two-dimensional irreducible representation
of S3. Then E is irreducible, and E b δ is the other irreducible representation of
dimension 2.

Since all short reflections are conjugate in B3, and all long reflections are conju-
gate, it suffices to record the character values on s1 and on t12. The relevant values
and the corresponding generalised Coxeter numbers are:
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ρ χρps1q χρpt12q cρ
1 1 1 0

δ ´1 1 6

sgn 1 ´1 12

det ´1 ´1 18

E 2 0 6

E b δ ´2 0 12

V 1 1 6

U “ V b δ ´1 1 8

V b sgn 1 ´1 10

V b det ´1 ´1 12

Indeed, each reflection has trace 1 in V , short reflections act trivially on E, and
long reflections act on E as transpositions in the standard representation of S3,
hence with trace 0. The remaining rows are obtained by twisting with the linear
characters, and cρ is then computed from (2.3) using |R| “ 9.

In particular,
cV “ 6 “ h, cU “ 8. (2.4)

All ten representations listed above are pairwise non-isomorphic. Since

4 ¨ 12 ` 2 ¨ 22 ` 4 ¨ 32 “ 48 “ |B3|,

this list is complete. In particular, the irreducible representations of generalised
Coxeter number 6 are precisely δ, E, and V .

3 A counterexample

We now prove Theorem 1.1 by an explicit computation of the spectra of the oper-
ators Lρpw0q.

Let w0 : R Ñ Rą0 be the weight system on B3 given by

τ s1 s2 s3 t12 u12 t13 u13 t23 u23
w0pτq 1 1 4 3 4 1 3 1 3

Since every reflection of B3 is an involution, the relation w0pτq “ w0pτ
´1q is

automatic. Write

S :“ w0ps1q `w0ps2q `w0ps3q “ 6, L :“
ÿ

1ďiăjď3

`

w0ptijq `w0puijq
˘

“ 15, (3.1)
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so that
ÿ

τPR
w0pτq “ S ` L “ 21.

We first compute the two three-dimensional representations that drive the ar-
gument.

Lemma 3.1. In the basis pe1, e2, e3q, the representation Laplacians of V and U “

V b δ are

LV pw0q “

¨

˝

13 1 2
1 13 2
2 2 16

˛

‚ and LUpw0q “

¨

˝

21 1 2
1 21 2
2 2 12

˛

‚. (3.2)

Consequently,
Spec

`

LV pw0q
˘

“ t12, 12, 18u (3.3)

and
Spec

`

LUpw0q
˘

“ t20, 17 ´
?
33, 17 `

?
33u. (3.4)

In particular,

λmin

`

LUpw0q
˘

“ 17 ´
?
33 ă 12 “ λmin

`

LV pw0q
˘

. (3.5)

Proof. A direct calculation from (2.1) gives (3.2). Their characteristic polynomials
are px ´ 18qpx ´ 12q2 and px ´ 20qpx2 ´ 34x ` 256q, respectively, which yields (3.3)
and (3.4). The final inequality is immediate.

Thus, the representation U of generalised Coxeter number 8 already has a
smaller lowest eigenvalue than the representation V of generalised Coxeter number
6. It remains to rule out the other irreducible representations.

Proposition 3.2. For the weight system above, the spectra of the representation
Laplacians in the remaining irreducible representations are

Spec
`

L1pw0q
˘

“ t0u, Spec
`

Lδpw0q
˘

“ t12u,

Spec
`

Lsgnpw0q
˘

“ t30u, Spec
`

Ldetpw0q
˘

“ t42u,

Spec
`

LEpw0q
˘

“ t12, 18u, Spec
`

LEbδpw0q
˘

“ t24, 30u,

Spec
`

LV bsgnpw0q
˘

“ t22, 25 ´
?
33, 25 `

?
33u,

Spec
`

LV bdetpw0q
˘

“ t24, 30, 30u.

In particular, together with (3.3) and (3.4), every non-trivial irreducible represen-
tation other than U has smallest Laplacian eigenvalue at least 12.
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Proof. For a linear character χ,

Lχpw0q “
ÿ

τPR
w0pτq

`

1 ´ χpτq
˘

.

Using the values of 1, δ, sgn, and det on short and long reflections, together with
(3.1), one obtains

L1pw0q “ 0, Lδpw0q “ 12, Lsgnpw0q “ 30, Ldetpw0q “ 42.

Now consider E. Since E factors through the quotient π : B3 Ñ S3, each short
reflection acts trivially, while tij and uij both act as the transposition pijq. Hence
LEpw0q depends only on

α12 :“ w0pt12q ` w0pu12q “ 7,

α13 :“ w0pt13q ` w0pu13q “ 4,

α23 :“ w0pt23q ` w0pu23q “ 4.

Let P be the permutation representation of S3 on C3. Since P “ 1 ‘ E, the
corresponding weighted transposition Laplacian on P is

Lpαq “ α12pI ´ p12qq ` α13pI ´ p13qq ` α23pI ´ p23qq “

¨

˝

11 ´7 ´4
´7 11 ´4
´4 ´4 8

˛

‚.

Its characteristic polynomial is xpx ´ 12qpx ´ 18q. The zero eigenvalue belongs to
the trivial summand, so

Spec
`

LEpw0q
˘

“ t12, 18u.

Twisting by δ changes only the short reflections, each of which acts trivially on E,
and therefore

LEbδpw0q “ LEpw0q ` 2S I2 “ LEpw0q ` 12I2.

Hence, SpecpLEbδpw0qq “ t24, 30u.
For V b sgn, the short reflections contribute exactly as in V , whereas each

long-reflection term I ´ ρV pτq is replaced by I ` ρV pτq. Thus

LV bsgnpw0q “

¨

˝

21 ´1 ´2
´1 21 ´2
´2 ´2 30

˛

‚,
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whose characteristic polynomial is px ´ 22qpx2 ´ 50x ` 592q. Therefore

Spec
`

LV bsgnpw0q
˘

“ t22, 25 ´
?
33, 25 `

?
33u.

Finally, since detpτq “ ´1 for every reflection τ P R,

LV bdetpw0q “ 2pS ` LqI3 ´ LV pw0q “ 42I3 ´ LV pw0q.

Using (3.3), we obtain

Spec
`

LV bdetpw0q
˘

“ t24, 30, 30u.

This proves the proposition.

We can now prove the main theorem.

Proof of Theorem 1.1. By Lemma 3.1 and Proposition 3.2, the smallest eigenvalue
among the non-trivial irreducible blocks is 17 ´

?
33, and it occurs in U “ V b δ.

Lemma 2.1 therefore gives

λgap

`

LB3
pw0q

˘

“ 17 ´
?
33.

By (2.4), the representation U has generalised Coxeter number cU “ 8, whereas
the Coxeter number of B3 is h “ 6. Hence the spectral gap is not attained in any
irreducible representation of generalised Coxeter number h.
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