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Cayley graphs

Let G be a finite group and S = S~1 C G\ {e}. Vertices are
group elements; an edge is one allowed move.

I' =Cay(G,S), g 2 gs (se€S).
N~ ~—~—
current state after one move

Example: G = S3 123

S ={r,nr}={(12),(13)}. 321 213
Vertices: the six permutations.
r9: reverse the first two entries. 231 312
r3: reverse all three entries. he

Haoran Zhu (k%) 2/13



Pancake graphs

Take G = S;,. The prefix reversal rj reverses the first k
positions, for 2 < k < n. For example,

(3,1,4,2) =2 (4,1,3,2).
Each flip is its own inverse: r,% =e.
These generators define the pancake graph
P, = Cay(Sn,{r2, .-, "n}).

It has n! vertices and n — 1 neighbours at each vertex.

For n = 4: 24 vertices and three flips, 7,13, 74.
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From flips to integer eigenvalues

Dalfé—Fiol (2020) obtain integer eigenvalues of P, by
summing the permutation matrices of the flips.

Each flip also permutes coordinates. For n = 4:

A single flip Flip matrix Sum

R(rs) My = Y, R(ri)
X1 X3 0010 01 11
X LEN X2 {0100 (1110
X3 X1 {10 0 0 11110
X4 X4 00 01 1 00 2

Spec(My) = {—1,0,2,3} C Spec(Py).
For general n, write M,, = Y}, R(ry).
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The standard representation of S,

For n = 4, compare two eigenvectors of My:

Constant vector 1 Sum-zero vector v
1 3 0 0
1 M, 3 1 M, 0
1 3 -1 0
1 3 0 0
A=3 A=0

Permuting coordinates on W, gives the standard representation.
Dalfé-Fiol (2020), for n > 2:
Spec(M,) ={n—-1} U{-1,0,...,n =2} \ {|n/2| —1}.

Constants give n — 1; sum-zero vectors give the other eigenvalues.

M,, is a quotient matrix of P,, tracking the position of 1.
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Signed and coloured permutations

A signed flip (m = 2)
(—3,1,2) Teverse first two, (1,-3,2) change signs, (—1,3,2).

A coloured flip (m = 3): superscripts record colours.

(31’10’20) reverse first two (10’31,20) add 1 (11 32 2())

In general, rki reverses the first k entries and adds +1 to their
colours modulo m.

The coloured permutations form the wreath product Z,,1S,,.
Pu(n) = Cay(Zm 1S, {rf: 1<k <n}) (mn>2).
m = 2: the burnt pancake graph on Bj,.
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Groups behind wreath product Cayley graphs

The generalised symmetric group is

S(m,n) = ZmulSy, B, = S(2,n).

Group Letters Permutation matrix
Sy n ordinary letters nxn
B, 2n signed letters 2n X 2n

S(m,n) mn coloured letters mn x mn

Forgetting colours recovers the ordinary permutation:
(31,19,2%) — (3,1,2) € S3.

The underlying S, action on the sum-zero space W, is the
standard representation.
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A generalised

pancake graph
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P3(2)

18 vertices
6 cells

An equitable
partition

Each cell fixes the
colour and position
of the letter 1.

Vertices in a cell
have equal
neighbour counts
into every cell.
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Integer eigenvalues and multiplicities

Blanco and Buehrle (2024, 2025) use Dalf6—Fiol's method
with the actions on signed and coloured letters.

Write T, = M,, + I, including the ordinary identity flip 11 = e.
Burnt (2024):  Spec(T,) C Spec(P»(n)),
Coloured (2025): 2Spec(T,) C Spec(Pp(n)) (m = 3).

Blanco—Buehrle's multiplicity conjecture (2025)
Ford |m,n>2and1<k<n—1,

3, k+#|n/2],

1t 2k) >
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Order of the vertices

For P3(2), label each quotient vertex by (c,j):
c is the colour and j the position of the letter 1.

Position first Colour first
(0,1),(1,1),(2,1),(0,2),(1,2),(2,2) (0,1),(0,2),(1,1),(1,2),(2,1),(2,2)
01 1(011 001 11 1
1 01[1 01 0 2/1 01 0
1 10(1 10 1 1/0 01 1
011|200 1 0/0 2|1 0
1 01{0 20 1 1|1 1/0 0
110[/00 2 1 0|1 0|0 2

Reordering the vertices reveals the block-circulant structure.
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The multiplicity theorem

Block-circulant formula

0 0 11 11
1 11 10
Dn: ’ En: s Tn:Dn+En-

n—2 110 -0

0 n—1 10 0 -0
m—1

Qun = circ(2Dy, Ey,0,...,0,E,) ~ @ (2D, + 2 cos ZL E,)

j=0

Theorem (Greaves—Zhu, 2026)
Let 4 | mand n > 2. Then, for1 <k<n-—1,

3, k 2],
multp (n)(Zk) 2 7£ Ln/ J
" 2, k=|n/2|.
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Open problems

Blanco—Buehrle conjecture

For every n > 4, the burnt pancake graph is conjectured to satisfy

{—-(n—1),—(n—2),...,n} C Spec(Pa(n)).

Sawada—-Williams conjecture

For every n > 4, is the graph
CaY(Snr {7’1172/ Tn—1, rn})

Hamiltonian? Only the three longest flips are allowed.

Blanco—Buehrle (2024), Conjecture 8 (range adjusted).
Sawada—Williams (2016), Conjecture 4; Blanco et al. (2026), Section 4.2.
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https://arxiv.org/html/2408.05349v3
https://doi.org/10.1016/j.tcs.2015.09.007
https://arxiv.org/html/2511.16959v3

Thank you for your attention

Further reading:
G. Greaves and H. Zhu, A note on some spectral properties of generalised pancake graphs,

Discrete Math. 349(9) (2026), 115102.
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